Eigenstates of the linear combinations a 2 + βa †2 and ab + βa † b † of two boson creation and annihilation operators are presented. The algebraic procedure given here is based on the work of Shanta et al. [Phys. Rev. Lett. 72, 1447 for constructing eigenstates of generalized annihilation operators. Expressions for the overlaps of these states with the number states, the coherent states and the squeezed states are given in a closed form.
Introduction
In a recent work 1 it was shown that for an operator F made up of powers of a single bosonic annihilation operator or of products of commuting bosonic annihilation operators one can construct a canonical conjugate G
involves two steps 1. Construction of the state | ψ > o annihilated by F 1
2. Construction of the canonical conjugate G to
Construction of the state | ψ > o annihilated by F 1 :
We rewrite (2) as
and apply a 2 on both sides. The resulting equation can be written as
Thus the task of solving (3) reduces to constructing the solutions of the eigenvalue problem (4) . It must be borne in mind that the solutions of (3) satisfy (4) but not vice versa.
After constructing the solutions of (4) one has to discard those which are not solutions of (3) .
To find the eigenstates of F in (4) we follow the procedure of ref. 
where n = 0, 1, . . . . 
(n a + 2) (n a + 4)(n a + 3) ,
(n a + 1) (n a + 4)(n a + 3)
.
The general solution of (4) may thus be written as
Of these four independent solutions of (4) the latter two, which are specific linear combinations of the states in the sectors S 2 and S 3 respectively, are not solutions of (3) as can readily be verified. The general solution of (2) is thus
This completes the first step towards the solution of the eigenvalue problem (1).
Construction of the canonical conjugate
We begin by noticing that the canonical conjugates g †
in the sectors
respectively also satisfy
Calculation of the overlap between the state | ψ > and the squeezed vacuua would become rather easy if one could express the operators on the RHS of (22) and (23) entirely in terms of g † i . The operators G † i are related to g † i through (20). Further, using the fact that
it can be shown that
The derivation of (27) entails expanding the exponential and
(c) and summing up the resulting series using
The derivation of (28) involves exactly the same steps.The states | ψ, e > and | ψ, o > can thus be written as
from which it follows that
These finite expressions for the ovelaps are valid for | µ √ β |< 1/2.
4.
Overlap between the eigenstates of F 1 and the coherent states | α >:
The calculate the overlap between | ψ > and the coherent states | α >, it proves convenient to express the operators on the RHS of (29) and (30) in terms a † . Simple algebraic manipulations outlined in Appendix B, enable us to rewrite (29) and (30) as follows
With | ψ, e > and | ψ, o > written in this way, one immediately obtains
where M(a, b, z) denote the confluent hypergeometric functions. From (35) and (36) one can readily calculate the Q-function for these states.
Overlap with number states:
We first consider | ψ, e >. Expanding the RHS of (33) in powers of a † we obtain
which, in turn, yields
The expression on the RHS may be expressed in terms of the hypergeometric functions as follows
Similarly
6. Coordinate space wave function:
Using (33) and (34) we can easily derived the expressions for the coordinate space wave functions for the states | ψ, e > and | ψ, o >. Details are given in Appendix C. The (un normalized) wave functions turn out to be
7. Eigenstates of the operator F 2 :
We next consider the eigenvalue problem for the operator F 2 .
As before this task can be broken up into two steps -construction of the state | φ > o annihilated by F 2
and the construction of the canonical conjugate
We rewrite (43) as
and apply ab on both sides. The resulting equation can be written as
Now the states annihilated by F are | 0, p >, | q, 0 >, p ≥ 0, q > 0, and | 1, q > and
Successive applications of F † on these generate the following sectors
where n = 0, 1, · · ·. As shown in Appendix A, the canonical conjugates
in these sectors are found to be
The general solution of (46) may then be written as
The last two terms in (52) satisfy (46) but not (45) and should therefore be discarded. The general solution of (45) is thus
The completes the first step towards the solution of the eigenvalue problem (53). Notice that | φ > o is a linear combination of states in the sectors S o,p and S q,o . To construct G † , we notice that the canonical conjugates of ab in the sectors S o,p and S q,o are respectively given
These canonical conjugates also satisfy
As before, taking G † i to be of the form
and requiring that
we find that
so that
The general solution of the eigenvalue problem (43) is then given by
where
8. Overlap between the eigenstates of F 2 and the generalised Caves Schumaker
States:
It was noted in ref 1 . that the (un normalized) states 
The steps involved in deriving (67) and (68) are exactly the same as those used in obtaining (27) and (28). From the expressions one readily obtains
These finite expressions for the ovelaps are valid for |µ √ β| < 1
9.
Overlap between the eigenstates of F 2 and the coherent states |γ, δ >: the Q
functions
Using the results given in Appendix B, one finds that |φ, 0, p > and |φ; q, 0 > can be expressed in terms of the operators a † and b † as follows
The overlaps of these states with the two mode coherent states |γ, δ > are therefore given
From these expressions one can readily calculate the corresponding Q-functions.
Overlap with number states:
We first consider | φ; 0, p >. Expanding the RHS of (71) in powers of a † b † we obtain
The expression on the RHS may be expressed in terms of the hypergeometric functions as
Similarly < n + q, n | φ; q, 0 >= (−i β)
Concluding Remarks
To conclude, we have given a purely algebraic method for constructing the eigenstates of the operators F 1 = (a 2 + βa †2 ) and F 2 = (ab + βa † b † ). The operator F 2 on making the canonical transformation
can be written as
and is therefore the sum of two operators of F 1 type. Thus in constructing the eigenstates of find useful applications in quantum optics.
Thus,for instance, for the operator F in (4) given by
one has
and hence
Setting i = 0, 1, 2, 3 one obtains the expressions in (6)- (9) . Similarly, for F = a 2 , one obtains (12) and (13).
Consider now a two mode annihilation operator consisting of products of single mode annihilation operators of the above type.
The vacuua of F are |i, p >, ; i = 0, · · · , k − 1 and |q, j >, ; j = 0, · · · , l − 1. The canonical conjugates of F in the sectors built on |i, p > are given by
Similarly, the canonical conjugates of F in the sectors built on |q, j > , j = 0, · · · , l − 1 are given by
Thus, for instance, for the operator F in (46) one has
for which 10) and hence, for the sectors built on |i, p >
Setting i = 0, 1, one obtains (48) and (49). Similarly (A.8) yields (50) and (51). The same considerations as above, applied to the operator F = ab, yield (50) and (55).
Appendix -B
In this Appendix we show that the expressions for states |ψ; e > and |ψ, o > the given by (29) and (30) which involve the exponential of an inverse tan function respectively can be rewritten as in (33) and (34). Similarly, we show that the states |φ; 0, p > and |φ; q, 0 > in (67) and (68) can be rewritten as in (71) and (72).
Consider, for instance, |φ; 0, p >
(B.1) can be written as
Using the identity
one finds that
the RHS of (B.4) can be expanded in powers of x as exp(z tan
The action of x k+q on |0, p > yields
Using (B.6) and (B.7) in (B.1) one obtains
which is the same as (67).
Following the same procedure one can derive (33), (34) and (72) from (29), (30) and (68).
Appendix -C
In this Appendix we derive the expressions in (41) and (42) for the coordinate space wave functions for |ψ, e > and |ψ, o >. We first consider |ψ; e >. From (33) we have
To proceed further, we need to know < x| exp(−i √ βµa †2 )|0 >. This can be done by (a) expanding the exponential (b) using the fact that
(c) and recognizing the series thus obtained as the generating function of the associated Laguerre functions. This leads to
We rewrite this expression as
and define 
Putting the expansion The sum over k is easily carried out using (B.5) and gives
(C.10)
Substituting this in (C.9) and recognizing the infinite series as that for a confluent hypergeometric function, we finally obtain < x|ψ, e >= exp − 1 2
where we have omitted factors independent of x. Proceedings in exactly the same way one can derive the expression (42) for < x | ψ; o >.
